Abstract: The propagation of elliptic optical beam in (1 + 2)-dimensional nonlocal competing cubic-quintic (CQ) nonlinear media was investigated analytically and numerically. The evolution equations for the parameters of the optical beam and the critical powers of stable propagation in x-and y-directions are obtained. Both the analytical and numerical solutions show that the stable elliptic optical solitons can be formed in nonlocal cubic, quantic, and competing CQ nonlinear media. The stability of soliton depends on the initial power, beamwidth, and characteristic length of the response function. In particular, there are bistable elliptic optical solitons in nonlocal media with self-focusing cubic and self-defocusing quintic nonlinearities when these nonlocal and nonlinear parameters are in the appropriate value domain.
Introduction
The nonlocal nonlinear solitons have attracted considerable interest owing to their particular interesting properties, such as suppression of collapse [1] and support of multipole solitons [2] . Hence, a great variety of novel nonlocal solitons have been discovered, for instance, rotating dipole soliton [3] , quadratic soliton [4] , nonlocal dark soliton [5] , nonlocal Bragg soliton [6] , ring dark and antidark solitons [7] , nonlocal gap soliton [8] , elliptic optical soliton [9] , Hermite-Gaussian soliton [10] , dipole soliton [11] , spiraling elliptic optical soliton [12] , nonlocal PT soliton [13] and surface-wave soliton [14] , etc.
However, current researches are mainly focusing on the nonlocal Kerr nonlinearity. In fact, there are some other categories of nonlinearities, such as saturable nonlinearity, mutation nonlinearity and competing CQ nonlinearity, etc. For example, the simultaneous local and long range bosonic interaction of Bose-Einstein condensates [15] , and comparable thermal and orientational nonlinearities of nematic liquid crystals [16] , both act as competing nonlocal nonlinearities. In recent years, nonlocal media with competing nonlinearities have attracted much attention. For example, C. G. L. Tiofack discussed the modulational instability (MI) and propagation properties of optical beam in nonlocal media with competing CQ nonlinearities [17] . M. Shen studied the interactions of dark solitons under nonlocal competing cubic-local quintic nonlinearities [18] . E. N. Tsoy studied the propagation of optical beam in weakly nonlocal media with CQ nonlinearities [19] . D. Mihalache analyzed the stable solitons of even and odd parities supported by competing nonlocal nonlinearities [20] . Stabilization of vortex solitons by competing CQ nonlinearities also has been demonstrated [21] .
In addition, the elliptical optical beam is readily achieved in experiment, and the nonlocal media with anisotropic nonlinearity has been found in the available materials, such as, lead glass [22] and nematic liquid crystal [23] . Therefore, the study on the propagation of elliptic optical beam in the anisotropic nonlocal CQ nonlinear medium has actual significance.
Theoretical Model and Analytical Solution
The propagation of optical beam in (1 + 2)-dimensional nonlocal competing CQ nonlinear media is described by the following normalized nonlocal nonlinear equation [12] , [21] , [24] i ∂ψ ∂z
Where ψ is the slowly varying envelope, z represents the propagation distance, x and y stand for the transverse directions. α 3 and α 5 represent the strength of cubic and quintic nonlinearities, respectively. R j ( j = 3, 5) are the nonlocal response functions.
Since the characteristic length of the strong nonlocal media is larger than the beam width, the nonlocal response function can be expanded twice and reduced as follow [9] , [14] , [24] , [25] 
Where [24] , [25] . Then the NNLSE can be reduced as follow for the strong nonlocal case
In this paper, we set that the response functions are elliptic symmetrical Gaussian-shaped
Then we can obtain
We search for a solution to equation (3) of the elliptic Gaussian-shaped function form
Where
1/2 is the amplitude, P 0 is the initial power, θ(z) stands for the phase of complex amplitude, a x (z) and a y (z) are the beam widths, c x (z) and c y (z) represent the phase-front curvatures of the optical beam. Inserting the trial function above into equation (3), for that the real and imaginary parts of the coefficient of x's and y's zero-order and quadratic term all should be equal to zero [24] , respectively, we obtain
The evolution equations of the beam widths can be obtained by combining equations (7a)-(7d)
Where P 0 is the initial optical power.
Results and Discussion

Nonlocal Cubic Nonlinear Media
In nonlocal cubic nonlinear media, that is to say α 5 = 0, hence equations (8a) and (8b) can be reduced as
, the critical powers in x-and y-directions for the stable propagation of an elliptic optical beam can be obtained by equations (9a) and (9b), respectively.
(10b) Fig. 1 . The propagation dynamic of an elliptic optical soliton in nonlocal cubic nonlinear media. The parameters are chosen as P 0 = P cx = P cy and σ 3x /σ 3y = a 2 x0 /a 2 y0 , a x0 = 1, a y0 = 1.4, σ 3x = 10, and σ3 y = 20. Where a i 0 = a i (z)| z = 0 . For that the elliptic optical beam can preserve its widths (in both x-and y-directions) as it travels in the straight path along the z axis, the initial power should be equaled to the two critical powers, i.e., P 0 = P cx = P cy . Then the condition of forming an elliptic optical soliton in nonlocal cubic nonlinear media can been obtained, i.e., (γ 3y /γ 3x )
[9], [25] . With these analytical results as the initial conditions, we numerically demonstrate the dynamics of elliptic optical beam in nonlocal cubic nonlinear media with elliptic symmetrical Gaussian-shaped response function in Fig. 1 and find that the beam will keep its width and intensity distribution unchanged during propagation, which implies that the completely stable soliton can be formed.
In Fig. 2 , the solid and dashed lines represent the analytical and numerical solutions of the beam widths during propagation, respectively. Since the oscillation range of the numerical beam widths are slight, we deem that the analytical solutions accord with the numerical solutions well.
Nonlocal Quintic Nonlinear Media
In the particular case of α 3 = 0, which corresponds to the nonlocal quintic nonlinear media, the equations (8a) and (8b) can be reduced to
In the same way, by setting d
, which indicates that the beam preserves its initial widths during propagation, the critical powers in x-and y-directions can be obtained by Fig. 3 . The propagation dynamics of elliptic optical solitons in nonlocal quantic nonlinear media. The parameters are chosen as P 0 = P cx = P cy and σ 5x /σ 5y = a 2 x0 /a 2 y0 , (a) a x0 = 1, a y0 = 1.3, σ 5x = 10, σ 5y = 17, (b) a x0 = 1, a y0 = 0.6, σ 5x = 10, and σ 5y = 3.6. equations (11a) and (11b), respectively.
Letting that the initial power is equal to the two critical powers, P 0 = P cx = P cy , and combining with equation (5), we can obtained the condition of forming an elliptic optical soliton in nonlocal quintic nonlinear media, i.e., (γ 5y /γ 5x ) Fig. 3(a) and (b) demonstrates the propagation dynamics of two elliptic optical beams, which long axis in y-and x-directions, respectively. The numerical results show that, when σ 5x /σ 5y = a 2 x0 /a 2 y0 , and the initial power is equal to the two critical powers, the initial widths of the optical beams will remain unchanged and the stable elliptical optical solitons will be formed. Fig. 4 depicts the evolution lines of the two beam widths in x-and y-directions, respectively, and shows that the analytical solutions (solid lines) are in agreement with the exactly numerical results. Fig. 5(a) and (b) show that, when the initial power is not equal to the two critical powers, the optical beams will do the periodic oscillation during propagation and the elliptic optical breathers is formed. Concretely, when P 0 > P cx = P cy , the nonlinear effect initially overcomes the diffraction effect, and the beam width initially contracts as seen in Fig. 6(a) . Whereas when P 0 < P cx = P cy , the reverse happens and the beam initially expands as shown in Fig. 6(b) .
Nonlocal Competing CQ Nonlinear Media
In nonlocal competing CQ nonlinear media, assuming d 2 a i /dz 2 | z = 0 = 0, we can obtain the critical powers in x-and y-directions by combining equations (5) (13b) When α 3 > 0 and α 5 > 0, this is nonlocal self-focusing cubic and self-focusing quintic nonlinear media. P cx+ and P cy+ should be deleted for that they are lesser than zero. Similarly, for forming an elliptic optical soliton, the initial power should be equaled to the two critical powers, P 0 = P cx-= P cy-. Fig. 7(a) shows that, when quintic nonlinear coefficient is big enough (α 5 ≥ 0.2), since the quantic nonlinearity is much larger than the cubic nonlinearity (as seen in Fig. 8(a) ), as long as σ 5x /σ 5y = , σ 3x = σ 5x = σ 5y = 10, P cx-= 17 000, P cy-= 14 400, and P cx-= P cy-. (f) α 5 = 0.00001, σ 3y = 14.4, σ 3x = σ 5x = σ 5y = 10, P cx-= 21 700, P cy-= 21 000, and P cx-≈ P cy-. Fig. 8 . Purple, black, and green lines represent α 3 n 3 , α 5 n 5 , and α 3 n 3 + α 5 n 5 , respectively. The parameters of (a)-(d) are chosen as Fig. 7(a), (b) , (e), and (f), respectively. . For comparing, when the quintic nonlinear coefficient decreases as α 5 = 0.1, the cubic nonlinearity cannot be ignored (as seen in Fig. 8(b) ), then the beam widths will experience oscillating propagation for σ 3x /σ 3y = a which was shown in Fig. 7(b) . On the contrary, when quantic nonlinearity coefficient is small enough (α 5 = 0.00001) and result in that the quintic nonlinearity can be ignored as seen in Fig. 8(d) , the (as seen in Fig. 7(f) ). However, when σ 3x /σ 3y = σ 5x /σ 5y = a 2 x0 /a 2 y0 , the completely stable soliton can be formed for any value of α 5 , as shown in Fig. 7(c) and (d) . Fig. 9 displays that, the critical power of completely stable elliptic optical soliton is decrease as the increase of α 5 . This is because that, the cubic nonlinearity is directly proportional to |ψ| 2 , while the quintic nonlinearity is directly proportional to |ψ | 4 . When the quintic nonlinear coefficient α 5 increases, a smaller critical power can induce large enough nonlinear effect to balance the diffraction effect.
When α 3 > 0 and α 5 < 0, this is nonlocal self-focusing cubic and self-defocusing quintic nonlinear media. It is obvious that, the critical power P cx± and P cy± in equations (13a) and (13b) should have real significance, hence, (15b)
For the case of α 3 = 1, a x0 = 1, a y0 = 1.2, σ 3x = σ 5x = 10, σ 3y = σ 5y = 14.4, as shown in Fig. 10(a) and (b), we can calculate that α 5 should be larger than −0.000083. Therefore when α 5 = −0.00005, the bistable elliptic optical solitons, which have the same beam widths and different amplitudes (critical powers), can be formed.
Diffraction and nonlinearity are dependent on the beam width and optical power, respectively. It is obvious that, the bistable elliptic optical solitons (for convenience, we called them as lower and upper critical-power solitons, respectively) have the same diffraction effect. As is widely known, when the incident power is equal to a suitable value (such as the lower critical-power), the induced nonlinear effect (α 3 n 3 + α 5 n 5 as the green line in Fig. 11(a) shown) can be exactly balanced by diffraction effect, then the spatial optical soliton is formed.
For the competing nonlinear effect of this media, when the incident power is equal to the upper critical-power, though the cubic nonlinearity (black line) and quintic nonlinearity (purple line) both become bigger as seen in Fig. 11(b) , the induced nonlinear effect (α 3 n 3 + α 5 n 5 as the green line in Fig. 11(b) shown) is still equal to that of the lower critical-power soliton. Therefore the induced nonlinear effect of upper critical-power also can be exactly balanced by diffraction and the spatial optical soliton is formed.
The Fig. 12 displays the evolution lines of beam widths in x-and y-directions, respectively. The comparison of analytical solutions (solid lines) with numerical solutions (dashed lines) shows that, the analytical solutions of the lower critical-power soliton are in good agreement with the numerical simulation of that. However, for the upper critical-power case, the beam widths of numerical solutions have small oscillation.
According to equations (13a) and (13b), and the numerical results, the relationship between the degree of nonlocality and the critical power for bistable elliptic optical solitons can be depicted in Fig. 13 . As the nonlocality increases, the powers of lower branch are increase, whereas the powers of upper branch are decrease. However, when σ 3x > 12, since (α 3 a x /σ < 0, the critical powers P cx± and P cy± both have no real significance, which means that there are no elliptic optical soliton.
Conclusion
This paper studies the self-trapping of elliptic optical beam in (1 + 2)-dimensional nonlocal cubic, quantic and competing CQ nonlinear media, respectively. For forming an elliptic optical soliton in nonlocal cubic (α 3 > 0 and α 5 = 0) or quantic (α 3 = 0 and α 5 > 0) nonlinear media, the ratio of the square of the beam width must be proportional to the ratio of the characteristic length of the material, and the initial power should be equal to the two critical powers in x-and y-directions. In nonlocal competing CQ nonlinear media, when α 3 > 0 and α 5 > 0, the numerical results show that, the stability of elliptic optical soliton depends on the value of α 3 and α 5 , beam width and nonlocal parameters. For the case of α 3 > 0 and α 5 < 0, a bistable elliptic optical soliton can be formed when these nonlocal and nonlinear parameters are in the appropriate value domain. Otherwise the elliptic optical soliton cannot exist.
